YHucaa ®Pudbonaduu

3ajava 0 KpOJHKax.

[TycTs mmeercs mapa Kpoaukos. V3BeCTHO, 9TO OT KaKJI0i Hapbl KPOJIUKOB KaZKIbIH MeCsII]
POXK/TaeTCsT HOBas Tapa KPOJIUKOB, KOTOPasi B CBOIO OYepeh CTAHOBUTCS CIOCOOHOM TTPOU3BO-
JIATH TIOTOMCTBO B BO3PacTe OJHOI0 Mecsia. [pedyercs onpele/IuTh, CKOJBKO Iap KPOJUKOB
OyIeT depe3 n MecsIeB.

Bragajie n3/10:KuM UCTOPHIO 3TOH 3a/1a49m, 3aTeM €€ pelieHne u JAPyrue 3a1a49u CBsI3aHHBIE
C Hel.

[oBops 00 aHTWYHOI MaTeMaTHKe, KaK/Iblii HAa30BeT TaKUX MaTEeMATHKOB, KakK EBKIuI,
[Mudarop, l'epon u ap. OmauM U3 CaMBIX 3HAMEHUTHIX MATEMATHKOB CPEIHUX BEKOB, HADABHE
¢ Buerom 6b11 Jleonapno u3 ITussl, w3sectHbiii nox nmenem Pubonaudn (cokpamenHoe filius
Bonacci, T.e. c¢bia Bonauun).

Qubonauauu pomuiaca B Uranum B 11751, 0611 Bocnutan Ha CeBepe Adpukw, rjue ero orer
3aHUMAJ MOCT juiioMara. Bepuysmuch B Nranuio, B 1202r. nybaukyer mMareMaTHYeCKHil
TpakTar mo HaszaHueM "Liber abacci". DTor TpakTat, comeprKaBIInii IOUTH Bee apudMeTnIec-
KIUe U ajredpandecKue CBeIeHs TOTO BpeMeHU, ChIrpaJl IVIABHYIO POJIb B TEUEHUH MOCTIE LY IOIITIX
crosteruii B pazpuTun Maremaruku B EBpome. B wacTtHOCTH, HA OCHOBE TOTO TpaKTaTa, €BPO-
TeHIIHI MO3HAKOMUJINCH C apabCKuMHU nudpamu, T.e. € MO3UIMOHHOW CUCTEMON HMCUUCTEHU.
Takxke @ubonaqqn mybaukyer: B 1220r. "Practica geometrica", 8 1225, "Liber quadratorum".
Tpaxrar "Liber abacci" 6but mepensgan B 1228r. Oxna u3 3aga4 ynomunaemas B "'Liber abacci”
HasbiBaeTcst "3a1a49a o Kponnkax" (¢.123-124 uznanus 1228r.), npencraBieHHas B HAYaI€ STOTO
MaTepHaJa.

[IepeitneMm K pelieHHIo >TO# 3aJa4n.

[IycTs f,, aucao map KPOIUKOB IMOCTE N MECATEB. UHUC/I0 Tap KPOJIUKOB mocIe 1+ 1 Mecsien
fni1, OyZeT paBHO YHCJIY IIap Ha N-OM MecsIe, T.e. f,, ILJIIOC 9HUCI0 Iap HOBOPOXKIEHHBIX
KpOMHKOB. [IOCKOIBbKY KpPOJTHMKH POXKIAIOTCS OT Haphl KPOJUKOB BO3pacTa OOJIBIIE OTHOTO
MeCsIa, HOBOPOZKJIEHHBIX KPOJUKOB Oyaer f, 1 map. CiemoBarenbHO, CIPaBeijimBO COOTHO-

nIeHue

fn+1:fn+fn—la (1)



npuyiem

Takum 06pa3oM MOTYUYUM PEKYPPEHTHYIO YUCJIOBYIO TOCTEI0BATETLHOCTD
0,1, 1, 2, 3, 5, 8, ... (3)

KOTOpas Obl1a HazBaHa psaaoM Oubonadun. Karkabril wieH 9Toi mocie10BaTeIbHOCTH, HAYHHAS
¢ TPEThEro, paBeH CyMMe IBYX NpeablayinnX. [lepBole ABa WIeHa CUYUTAIOTCS 3aJaHHBIME fo =
0, fl =L

Takum obpasom, "3amada o kposukax' cBesach K penieHu0 (pyHKIHOHAILHOIO YPaBHEHUS
(1), T.e. K HAXOKJEHUIO OOIIETO YWIeHA MOCICIOBATELHOCTH [, VIOBIETBOPSIONIETO COOTHO-
menuio (1) npu yeaosusax (2).

[IpeamostoKmM, 9T0O TOCIEI0BATEIBHOCTD [, UMeeT BH],
fo =", (4)

rjie A\ - BEIIECTBEHHBIN HapameTp.
[Moxcrasus f, B (1) moaydanm

)\n—i-l — /\n + /\n—17

WJIW, SKBUBAJIEHTHO,

A2 — A — 1) = 0.

Tax kak f, #0 (VYn € N¥), nocjieqsee paBeHCTBO IIPUHUMAET B/
M —A—1=0, (5)

KOTOpOE IpeICTaBIdgeT coDOM KBaJApaTHOE YpPaBHEHUE IO OTHOIIEHHWIO K JIeHCTBUTEILHOMY IIa-

pamerpy A. 13 (5) nosydanm

1+
- =,

1-+5
—

At

)\2:

Takum 00pazoM, 1Mocjie0BaTeIbHOCTH

(5] an (55,
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yaoBaeTBopsitor papeHcTBy (1). Orcioa 3akmodaeM, 9ro ypasHerue (1) uMeer MHOIO peleHuii.
B ofmewMm, cymecTByer GeCKOHEYHOE YHCIO TOCAEI0BATEILHOCTEH, yaoBaeTBopsomux (1).

JIerko 3aMeTuThb, 9TO MOC/Ie/I0BATE/ILHOCTH BHIA

1+v5\" 1—-v5\"
—— | +c¢

fn=0a 5 2\ 75 | > (6)

rie ¢1,Cy - GUKCUPOBAHHBIE JeHCTBUTEbHBIE KOHCTAHTHI, TakzxkKe yiaosaerBopsier (1). Boee
TOrO, MOYKHO HOKAa3aTh, YTO J0Oasi MOCJAE0BATEJbHOCTD, YAOBJIETBODsIONas paseHcrsy (1)
umveer Bug (6). Vimest apyrue nesm, #e GyaeM JTOKa3bBaTh 3TOT (hakT B paMKax 3TOH pabOTH.
s uaTepecyronmxcs ob1eil Teopueit perrerust ypasHenuii Bujia (1), Ha3bIBaeMbIX ypaBHEHH-
SIMH B KOHEYHBIX PA3HOCTSX, PEKOMEHJIyeM o0paTuThes K aureparype [1]-[4].

Bosspamasicy kK nocieaoparebaoctn PuboHatwdn, OTMETHM, 9TO T4 MOCIEI0BATEIbHOCTD
OJ/IHO3HAYHO OIpeJiesieHa, W OJHO3HAYHOCTL O0ECHeYUBAETCHA MEPBBIMU JBYMS UJICHAMH, T.€.

HadaIbHbIMA yeaoBusiMu (2). Hoacrasaas n=0u n = 1 B (6) HOIyIUM JHHEHHYIO CHCTEMY

c1+ c =0,

1 5 1—+5
.+2f+02.f_1,

C1 9

1 1
—=, Cg = ——F=.
N

B pe3yJjbTaTe MOJYy4YUM, 94TO N-bIl 4JIeH mocjaeJ0BaTeJIbHOCTH POuboHauIn LMeeT BUJI

1 (1+v5\" 1 [(1-+5\"
fn:ﬁ — ) " A\ (n € N). (7)

C peleHneM c; =

CsoiicTBa nmociaenoBareabHOCT PuboHauun.

1°.
i+t +tfo=fora— 1 (8)
JlokazaTeibCTBO.
fi=1Tfs— /2
fo=Jfi— 13
fn,1 = fn+1 - fn

fn = fn+2 - fn+1-



CJI0:KHUB BCe 3TH paBeHCTBa IIOYJIEHHO, II0JIYYHUM

it fot oot fo= faz2— fo,

U TaK Kak fo = 1, moayunm (8).
2. i+ s+ s+ F fanm1 = fon
3. fat fat oo+ fon = fon — L.

CsoiicTBa, 2° — 3° I0KA3BIBAIOTCA aHAJIOTHUYIHO 1°.
4°.

dokazarenbcTBO. JIerko 3aMeTuTh, 9TO IMeEeT MECTO COOTHOIIEHTe

fn'fn+1_fnflfn:fn<fn+1_fn*1):fr? (HEN)
13 91010 COOTHOIIEHUS! TTIOJLyYaeM PABEHCTBA
fi=h-fa

f3="rfr-fa—fi- fo
f3="Jfs-fa—fo- [,

fﬁ - fn ) fn—i—l - fn—l : fn

CkJutaibiBast 9TH PaBEHCTBA MOWICHHO mosrydaeM (9).

5°. Ilokazars, 9TO
fn+m:fn—1'fm+fn'fm+1a (10)

rjie f, 0603HAUAET N-blil WieH mocaegoBareabHocTH PubGoHATYH.

HokazarenscrBo. 3nas obmmit Bug wiena f, (cm. (7)) MoxHO moacraBu ero B (10)
OKa3aTh, 4TO HMeeT MecTo paBeHCTBO. Jlokaxkem (10) mcmosb3yst METON MaTeMaTHYeCKOi
naaykunu. [ITposegem mHaykmuio mo m € N.

Hns m = 1, pasencreo (10) npumer Bu

fn+1 = fnfl : fl +fn : f27

aro oueuano. [Tpu m = 2 dopmyna (10) Takxke oueBuana. leilcTBUTEIBHO,

fn+2 - fn—lfQ + fnfB - fn—l + 2fn - fn—l + fn + fn - fn—i—l + fn



Takum 06pa3oM, IycTh OCHOBaHWe WHAYKIHU Iposepero (m = 1; m = 2). Ilycts (10) BeprO
st m=kum=k+ 1. Jokaxkewm, uro Torga (10) Bepuo u jaga m = k + 2.

Taxum oOpa3oM, MycTh BEPHbI PABEHCTBA

Ttk = famifu + fatrt,
Jnrks1 = fo1forr + fofrra

CyMMupysl TTOY/IEHHO MOCIEHUUE PABEHCTBA, MOy YMM PABEHCTBO

Jrskr2 = o1 Jrw2 + fo o fees,

KoTopoe mpejcrasiser (10) npu m = k + 2.
6°. fon = fn-1Sn + fr - fot1.
Joxkazaresnncrso crenyer u3 (10) mpa m = n.
7°. Unewn fy, nenurcs Ha f,.

dokazarenbcTBo. M3 6° cienyer

f2n - fn(fn—l + fn+1);

OTKYJa CHEIYeT, 9TO fo,: fr.
8°. f2n - fr2L+1 - fr%—l'
9°. fSn = fr?+1 + fs - fS—l'

CroiicTtBa 8° — 9°, gaBasomuecs TIPAMBIMEH CJIeJICTBHAMEA 6°, TpeaaraeTcs I0Ka3aTh CaMoO-

CTOATE/IBHO.
10°.
fa = famtfan + (1) (11)
JokazaTeabcTBO. DByjeMm jokaseiBarh pasercTso (11) waayknueit mo n. Ipu n = 2

paseHcTBo (11) npeobpasyercst B cipaBe//InBoOe PaBEHCTBO

fi=hH f—1

[Ipeamosoxkum, 9To papeHcTBO (11) copaBeIuBO It 1 U JOKAZKEM, YTO TOTLJA OHO CIIpa-

BeIUBO U i 1 + 1. Takum 00pa3oM, MycTh CIpaBeITUBO PABEHCTBO

fs = fn—l . fn+1 + (_1>n+1'



[IpubaBum K 06eHM FaCTIM IIOCTEIHETO PaBEHCTBA f, - fr11. B pesyabrare mosydum

fs + fn : fn+1 = fn—l : fn-I—l + fn . fn-i—l + (_1)n+l’

nJIn
fn(fn + fn+1) = fn+1(fn—1 + fn) + (_1)n+17

M Tak KakK fpi2 = fn + for1 (cM. onpegenenue nociaegosarenbHocTn PuOOHATYN), 3aKIIOIAEM
9TO
fnfn+2 = fs-t,-l + (_1)n+1’
nJjain
fr%+1 = fn- fn+2 + (_1)n+2'
Caenosaresbio (11) cupaBemauBo u gjst n + 1.
11°. TlokazaTh, 9TO €CIu N JAUTCS HA M, TO [, JeIUTCS HA f,.
HoxkazareabcTrBo. Ilycrh nim, T.e. n = mk. Jokaxkem cpoiicrBo 11° uuaykumeit no k.
[Ipu k = 1, n = m, caepoBareyibHO f, gennrcsa Ha f,,. [Ipeamosoxum, 910 f.p JCJIATCI HA
fm. Paccmorpum fi,11). VI3 paBencrsa fi(k+1) = fink4m Ha OocHOBaHHE coorTromenus (10)

OJIY 9UM
fm(kJrl) = fmk—lfm + fmk : fm+1-

[TepBoit wien cymMMbl U3 MPABOl YaCTH PABEHCTBA, OYEBUIHO, JEJUTCA HA f,,. Bropoil wien
JIeJIATCA Ha f,, COTJIACHO WHIYKIIMOHHOMY Tpeanonoxkenunto. CaenoBaTelbHO CYMMa STUX TJIe-

HOB JeJIUTCA Ha f,,, 1 3HAUNT, fm(k+1)5 fm. CsoiicTBo 11° mokasao.

J11s1 03HAKOMJIEHHS C IPYTHME CBOHCTBaME drce/ ] PubOHATYIN, CBA3AHHBIMHE C J€IUMOCTBIO,
reoMeTpueil, Teopueil aIrOpUTMOB U T.JI., YUTATEIb MOXKET 00paTuThest K Oubanorpadun, yka-

3aHHOI B KOHIE 3TO# padOTHI.
Sagaum OJiss CAMOCTOATEIHLHOTO PEIEHUS.

1. TIycts (fn)nen mocaenoBaresbaocth Pubonaadu. Jlokasars, 4To

@) fifo+ fofs+ fafo+ .4 fono1 - fon = [3,

(b) fifo+ fofs+ .o+ fonfons1 = fongr — 1



(C) nfl+(n_1)f2+’”+2fn—1+fn:fn+4_<n+3)

(d) f1 -+ 2f2 -+ 3f3 + ... +nfn = nfn+2 — fn+3 =+ 2

2. JJokazaThb, 9To a1 aioboro m € N, cpean nepsuix m? — 1 unces ®ubonawyn CymecTByeT

YUCII0, JeIAIeecsa Ha M.
3. JlokazaTb, 4TO:

(a) Yucno Pubonaadn f, 9eTHO TOrJA U TOIBKO TOT/A, KOTJA N JEJATCs Ha 3;

(b) Hucno ®ubonadqun f, mesurcs Ha 3 TOrAA W TOJLKO TOTIA, KOTJA 1 JIEJIUTCS Ha 4;
(¢) fn:4 Torga u ToabKo Toraa, Korgaa n:6;

(d) fn:5 Torma m TombKO TOrAA, KOTAA M:H;

(e) f,:7 Torma u ToaBKO TOrIA, KOTIA N:8;

(f) f.:16 Torma m ToabKO TOTAA, KOTIA N:12.
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